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Eight-dimensional Octonion-like but Associative Normed Division Algebra

Joy Christian*
Einstein Centre for Local-Realistic Physics, 15 Thackley End, Oxford OX2 6LB, United Kingdom
(Dated: 17 November 2018)

We present an eight-dimensional even sub-algebra of the 2! = 16-dimensional associative Clifford
algebra Cl4 ¢ and show that its eight-dimensional elements denoted as X and Y respect the norm
relation ||XY|| = ||X]||||'Y]], thus forming an octonion-like but associative normed division algebra.

Consider the following eight-dimensional vector space with graded Clifford-algebraic basis and orientation A = +1:
Clg’0 =span{ 1, Aey, Aey, Ne., Aegey, e e, Aege., Aezeze; | (1)

Here { e,, ey, €.} is a set of anti-commuting orthonormal vectors in IR? such that eje; = —e;e; forany 4,j =z, y, or

z. In general the vectors e; satisfy the following geometric product in this associative but non-commutative algebra [1]:

eiej:ei-ej—kei/\ej, (2)
with
1
€;-€; = 5 {eiej + ejei} (3)
being the symmetric inner product and
1
e, Nej: = 5 {eiej — ejei} (4)
being the anti-symmetric outer product, giving (e; A ej)2 = —1. There are thus basis elements of four different grades

in this algebra: An identity element e? = 1 of grade-0, three orthonormal vectors e; of grade-1, three orthonormal
bivectors eje;, of grade-2, and a trivector I3 = e;e;e;, of grade-3 representing a volume element in R3. Since in R?
there are 23 = 8 ways to combine the vectors e; using the geometric product (2) such that no two products are linearly

dependent, the resulting algebra, Clg"o , is a linear vector space of eight dimensions, spanned by these graded bases.

In this paper we are interested in a certain conformal completion® of this algebra, originally presented in Ref. [2].

This is accomplished by using an additional vector, e, to close the lines and volumes of the Euclidean space, giving
K = span{ 1, Aege,, Ae,e,, Aeye,, Aegens, Aeyens, Aeeq, Azes }. (5)

With unit vector e, this is an eight-dimensional even sub-algebra of the 2* = 16-dimensional Clifford algebra Cly g.
As an eight-dimensional linear vector space, K* has some remarkable properties [2]. To begin with, it is closed under

multiplication. Suppose X and Y are two vectors in K*. Then X and Y can be expanded in the graded basis of K*:
X = Xo+ X1 dege, + X dese, + X3 Aeye, + Xy Aegen + X5 deyes, + Xg Aezeq + X7 Azeq (6)
and

Y = Yo+ Y1 dezey + Yo dese, + Y deye, + Yy dezes + Y5 deye + Ys desen + Y7 Aze . (7)

*Electronic address: jjc@alum.bu.edu

I The conformal space we are considering is an in-homogeneous version of the space usually studied in Conformal Geometric Algebra [3].
It can be viewed as an 8-dimensional subspace of the 32-dimensional representation space postulated in Conformal Geometric Algebra.
The larger representation space results from a homogeneous freedom of the origin within E3, which does not concern us in this paper.



* 1 Aezey Ae.e, Aege. | dezes | Aege | dezes | Alzes

1 1 Aezey Ae.e; Aege: | dezes | Aeyes | Aerexw | Alzes
Aegey Aegey -1 eye; —e.e; | —eyeq €,€00 Izes —e.ex
e.eg Ae.e; | —eye; —1 e ey €. Isex —€z€00 | —€y€oo
Aeye, Aeye. e.e, —ezey -1 I3es —e.eo €ey€co —ezeso
Aeges | Aezes €y€oo —e.ex Izes —1 —ezey e.e, —eye,
Aeyes | Aeyes | —€z€sc | Iz€00 e.ex ezey -1 —eye; | —e.e;
Ae.ex | Ne.eo Ises e,eqo —eyess | —€z€; eye; -1 —ezey
Azeo | Nz | —€.€600 | —€y€00 | —€z€00 | —€ye. | —e.e, | —ezey 1

TABLE I: Multiplication Table for a “Conformal Geometric Algebra'” of E*. Here Is = e ey e,, €2 = +1, and A = %1.

And using the definition [|X]|| := vVX - Xt (where t represents the reverse operation [1]) they can be normalized as

7 7
IX[? = Xp =1 and [[Y|P=) ¥} =1 (8)
0 v=0

p=

Now it is evident from the multiplication table above (Table I) that if X, Y € K*, then so is their product Z = XY:
Z = 7o+ Z1 degey + Zr Nese, + Z3 deye, + Zy hegeo + Zs Aeyeq + Zg Aeeo + Z7 Mzese = XY (9)

Thus K* remains closed under arbitrary number of multiplications of its elements. This is a powerful property. More

importantly, we shall soon see that for vectors X and Y in K (not necessarily unit) the following norm relation holds:
XY = (X[ Y]] (10)

In particular, this means that for any two unit vectors X and Y in K* with the geometric product Z = XY we have

7
Nz|P=> 22=1. (11)
p=0

Now, in order to prove the norm relation (10), it is convenient to express the elements of K* as dual quaternions.

The idea of dual numbers, z, analogous to complex numbers, was introduced by Clifford in his seminal work as follows:
z=r+de, where e #0 but £ =0. (12)

Here ¢ is the dual operator, r is the real part, and d is the dual part [3][4]. Similar to how the “imaginary” operator

1 is introduced in the complex number theory to distinguish the “real” and “imaginary” parts of a complex number,
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FIG. 1: An illustration of the 8D plane of K*, which may be interpreted as an Argand diagram for a pair of quaternions.

Clifford introduced the dual operator ¢ to distinguish the “real” and “dual” parts of a dual number. The dual number

theory can be extended to numbers of higher grades, including to numbers of composite grades, such as quaternions:

Q. = qr +4qac, (13)

where g, and qq are quaternions and Q. is a dual-quaternion (or in Clifford’s terminology, Q. is a bi-quaternion).

Recall that the set of unit quaternions is a 3-sphere, which can be normalized to a radius g, and written as the set

IIqTI\/E@r}. (14)

Consider now a second, dual copy of the set of quaternions within C*, corresponding to the fixed orientation A = +1:

llaall = v/} = s } (15)

If we now identify A Ize appearing in (5) as the duality operator — e, then (in the reverse additive order) we obtain

53 = {qr = Qo+ qAezey Fqalee, +q3leye,

SS = { dd = —q7 + g6 €€y +gse.ex +qu €y e,

e= —Mzey with el =¢ and €% = +1 (since ey, is a unit vector in K*) (16)

and qQd€ = —q4 AI3eo<> = q4 )\eweoo + qs Aeyeoo + de /\ezeoo + q7 AI3e(>o 5 (17)

which is a multi-vector “dual” to the quaternion qg. Note that we write ¢ as if it were a scalar because it commutes

with each element of K* in (5). Comparing (14) and (17) with (5) we can now rewrite K* as a set of paired quaternions:

KA = {Qz = q7-+qu‘ Q]| = y/Q. QL :\/92+Q§70<97-<0070<Qd<00}~ (18)

Now the normalization of Q, necessitates that for that condition to hold every q, must be orthogonal to its dual qg:

Q. = Q. Q! =\/e2+ 0% <= q,q)+asql =0, (19)

or equivalently, (q, q;rl)S =05 i.e., qr q:; must be a pure quaternion (for a pedagogical discussion of (19) see section

7.1 of Ref. [4]). We can see this by working out the geometric product of Q, with Q! while using £2 = +1, which gives

Q- Ql = (q’r (ﬂ- + a4 qL) + (qr qL + qq Qi> €. (20)
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Now, using definitions (14) and (15), it is easy to see that q, gl = 02 and qq qL = 93, reducing the above product to
Q.QL = o} + 05 + (qrqfl + qu:[) €. (21)
It is thus clear that for Q. Q! to be a scalar q, qji + qq qf must vanish, or equivalently q, must be orthogonal to qq.

But there is more to the normalization condition q; q;; + g4 qf = 0 than meets the eye. It also leads to the crucial
norm relation (10), which is at the heart of the only possible four normed division algebras R, C, H and O associated
with the four parallelizable spheres S°, S, 3 and S7, with octonions forming a non-associative algebra in addition

to forming a non-commutative algebra [5]. To verify this, consider a product of two distinct members of the set K*,
Q:1Q.2 = (dr1 A2 + Qg1 9a2) + (Ar1 Qa2 + a1 9Ar2) €, (22)
together with their individual definitions

Q1= qr1 +9are and Q.2 = qr2 +qa2c. (23)

If we now use the fact that e, along with ¢f = ¢ and €2 = 1, commutes with every element of K* defined in (5) and

consequently with all q,, qf, qq and qu, and work out Qih Qi2 and the products Qlell, Qz2Q12 and (Q,1 Q.2)" as

QL = QIl + qfﬂ €, (24)

Qiz = qu + quiQ g, (25)

Q.1Qf; = (qn aly + dar qIﬂ) + (qn ay + dar qL) £, (26)

Q.2Q, = (qr2 aly + qa qlm) + (qr2 aly + da qi2) e, (27)

and (@1 0:0)' = (alyaly + alpaly) + (alyal + alzaly) e, (28)

then, thanks to the normalization condition q, qji +qqql = 0 of (19), the norm relation (10) is not difficult to verify.
To that end, we first work out the geometric product (Q.1 Q.2)(Q.1 Q.o)" using expressions (22) and (28), which gives

(Qzl sz)(Qzl sz)T = {(qu qr2 + dad1 de) (QIQ QL + qilg q:rﬂ) + (er qd2 + d41 qT2) (qfﬂ QI1 + in qI{l)}

+ {(qu Qa2 + Qa1 Gr2) (qig a, + df, qfﬂ) + (Qr1 Qr2 + Qa1 a2) (qLQ al, +dl, qiu) } €.
(29)

Now the “real” part of the above product simplifies to (32) as follows:

{(Q:1Qe2)(Q1 Qu2)'} ., = @i a2 alraly + auaealyaly + e dlyaly, + daaeal,al,
+ andedqha, + anaed,dl, + anaeal,al + anaedsd), (30)

= a1 299l + anawal,al, + anana,al, + anaeal,af, (31)
= 071 072 + 041 O + 071 0o + 01 07 - (32)
Here (31) follows from (30) upon inserting the normalization condition (19) in the form g, q:[i = —qgq]. into the

second and third terms of (30), which then cancel out with the sixth and seventh terms of (30), respectively; and
(32) follows from (31) upon inserting the normalization conditions ||q||> = qqf = ¢? for the real and dual quaternions
specified in (14) and (15), for each of the four terms of (31). Similarly, the “dual” part of the product (29) simplifies to

{(Qu Q22)(Qz1 Qz2)T}dual = {q7-1 qad2 QIQ QL + d41 92 qu«z q:r«l + dr1 da2 qEQ qZu + d41 dr2 qflz qzﬂ

+ dndredyal, + anaed,d, + g1gedsdl + goqeal qfu} e (33)
0. (34)



We can see this again by inserting into (33) the normalization condition (19) in the form g, qu = —qgq and the

normalization conditions ||q||> = qqf = ¢? for the quaternions in (14) and (15), which cancels out the first four terms
of (33) with the last four. Consequently, combining the results of (32) and (34), for the left-hand side of (10) we have

HQzl Qz2|| = \/Q% 932 + 972«1 932 + 931 972~2 + 931 932 : (35)

On the other hand, once again using the same normalization condition (19), for the right-hand side of (10) we have

Q| ||Qz2l| = (\/ 07 + 931 ) <\/ 0% + 932 > = \/921 0% + 02 932 + 931 0%y + 931 932 . (36)

Thus, comparing the results in (35) and (36), we finally arrive at the relation

1Q21 Qaf| = [|Qall [1Q:2ll, (37)

which is evidently the same as the norm relation (10) in every respect apart from the appropriate change in notation.

Without loss of generality we can now restrict space K* to a unit 7-sphere by setting the radii o, and g4 to %:

K5 8Ti= { Q.= ar +aa |10 =1 and g +aaaf =0, (38)
where e = —\lze,,, el =¢, e2 = e2 = +1,
qdr = qo+qrAezey +qre.e, +gzlege,, and qq= —q7r + gs €€y + g5 €.e, + qaeye,, (39)
so that
Q. = qo + q1 Aezey + g2 Ae.e, + g3 Aeye, + qu Aezen + g5 Aeyen + gs Aee + g7 Alze . (40)

Needless to say, since all Clifford algebras are associative division algebras by definition, unlike the non-associative

octonionic algebra the 7-sphere we have constructed here corresponds to an associative (but non-commutative) algebra.

We may now view the four associative normed division algebras in the only possible dimensions 1, 2, 4 and 8,

respectively, as even sub-algebras of the Clifford algebras

Cl7 o =span{1, Xe, }, (41)
C’lgo =span{ 1, Ae;, Ae,, Aegey }, (42)
Clg"o =span{ 1, Ae;, Aey, Ae,, deyey, \e.e,, Aeye,, Aegepe; |, (43)

and le;\,o = span{ 1, deg, Aey, de,, e, Aezey, Ae.e;, deye,, Aeze, Aeye, \e e,

Aez€,€,, A€y oo, A€,€,€00, A€ye,en, A€ E 000 } (44)

It is easy to verify that the even subalgebras of Cli\,m Clé)o and Clé)o are indeed isomorphic to R, C and H, respectively.
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